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Abstract
New extremal self-dual codes with lengths 42, 44, 52, and 58 are constructed. They have
weight enumerators for which extremal codes were previously not known to exist. c© 2001
Elsevier Science B.V. All rights reserved.
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1. Introduction
A binary linear [n; k] code C is a k-dimensional subspace of Fn2 , where F
n
2 is the
n-dimensional vector space over the binary 9eld F2. The number of the nonzero coor-
dinates of a vector in Fn2 is called its weight. An [n; k; d] code is an [n; k] linear code
with minimum nonzero weight d. Let
〈u; v〉=
n∑
i=1
uivi ∈F2; for u= (u1; : : : ; un); v= (v1; : : : ; vn)∈Fn2
be the inner product in Fn2 . Then if C is an [n; k] code over F2; C
⊥={u∈Fn2 : 〈u; v〉=0
for all v∈C}. If C = C⊥; C is self-dual. Self-dual codes with the largest minimum
weight for a given length are called extremal. A list of possible weight enumerators
of extremal self-dual codes of length up to 72 was given by Conway and Sloane
in [3]. However, the existence of some extremal self-dual codes is still unknown.
Several papers have provided constructions for these unknown codes (see, for example,
[1,2,4,6]).
In this paper, we investigate the existence of new extremal self-dual codes. We use
a construction for such codes using self-dual codes of smaller length. In Section 2 we
describe such construction. Using this method and with the aid of computer search, we
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9nd new extremal [42; 21; 8], [44; 22; 8], [52; 26; 10], [58; 28; 10] codes which are given
in Section 3.
2. Construction method
In this section we describe a construction of extremal self-dual codes. The method
is similar to the method used in [1,5].
Let C0 be a binary self-dual code of length 2n, with the generator matrix G0=(In; A),
where In is the identity matrix of order n. Suppose A1; A2; : : : ; An are the rows of A,
then
〈Ai; Aj〉= ij:
Let x=(x1; x2; : : : ; xn) be a vector in Fn2 . Let C be the code of length 2n+2 generated
by the following matrix
G =


x1 x1
In A · · ·
xn xn
0; : : : ; 0
n∑
i=1
xiAi 0 1


:
Theorem 1. C is a self-dual code if and only if the weight of x is odd.
Proof. Since
〈(Ai; xi; xi); (Aj; xj; xj)〉= 〈Ai; Aj〉= ij
and 〈(
n∑
i=1
xiAi; 0; 1
)
; (Aj; xj; xj)
〉
= xj + xj = 0; j = 1; : : : ; n;
C is self-dual if and only if〈(
n∑
i=1
xiAi; 0; 1
)
;
(
n∑
i=1
xiAi; 0; 1
)〉
=
n∑
i=1
x2i + 1 = 0:
This happens just when the weight of x is odd.
3. Results
With many peoples eIorts (see, for example, [1,3,5,7] and the references therein), a
lot of extremal codes are found. Part of these results will be described below. Using
the method from Section 2, we obtain some new extremal self-dual codes with length
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42, 44, 52, and 58. All of these codes have weight enumerators previously not known
to exist.
1. [42; 21; 8] codes: The possible weight enumerators for length 42 are
W (y) = 1 + (84 + 8)y8 + (1449− 24)y10 + (10640− 16)y12 + · · · (1)
and
W (y) = 1 + 164y8 + 679y10 + 15088y12 + · · · : (2)
There exist self-dual codes with a weight enumerator (1) for  = 0; : : : ; 12; 16; 20; 24;
26; 32; 42. A code with weight enumerator (2) is given in [6].
By Theorem 1, we obtain new extremal self-dual code with weight enumerator (1)
for  = 14; 18: These codes C1 and C2 are described in Table 1.
2. [44; 22; 8] codes: The possible weight enumerators for length 44 are
W (y) = 1 + (44 + 4)y8 + (976− 8)y10 + (12289− 20)y12 + · · · (3)
and
W (y) = 1 + (44 + 4)y8 + (1232− 8)y10 + (10241− 20)y12 + · · · : (4)
There exist self-dual codes with a weight enumerator (3) for =10; : : : ; 39; 42; 52; 62; 82;
122 and (4) for =0:2; : : : ; 44; 46; 47; 48; 50; 52; : : : ; 56; 58; 62; 66; 72; 74; 82; 90; 104; 154.
By Theorem 1, we obtain a new extremal self-dual code with weight enumerator
(4) for  = 1. This code is C3 described in Table 1.
3. [52; 26; 10] codes: The possible weight enumerators for length 52 are
W (y) = 1 + 250y10 + 7980y12 + 42800y14 + · · · (5)
and
W (y) + 1 + (442− 16)y10 + (6188 + 64)y12 + 53040y14 + · · · : (6)
A code with weight enumerator (5) is given in [3]. There exist self-dual codes with a
weight enumerator (6) for  = 0; 1; 2; 3; 4.
By Theorem 1, we obtain new extremal self-dual codes with weight enumerator (6)
for  = 5; 12. These codes are C4 and C5 described in Table 1.
4. [58; 29; 10] codes: The possible weight enumerators for length 58 are
W (y) = 1 + (165− 2)y10 + (5078 + 2)y12 + (17190 + 188)y14 + · · · (7)
and
W (y) = 1 + (319− 24 − 2)y10 + (3132 + 152 + 2)y12 + · · · : (8)
A code with a weight enumerator (7) with =55 is given in [6]. There exist self-dual
codes with a weight enumerator (8) for
(i)  = 0 and = 0; 32; 36; 40; 44; 48; 48 + 2m (where m= 1; : : : ; 37);
(ii)  = 1 and = 60 + 2m (where m= 1; : : : ; 20);
(iii)  = 2 and = 44; 48; 52; 56; 60; 62; 64; 68; 68 + 2m (where m= 1; : : : ; 16).
By Theorem 1, we obtain a new extremal self-dual code with weight enumerator (8)
for  = 1; = 54. This code is C6 described in Table 1.
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Table 1
New extremal self-dual codes
Number Vector x   Enumerator Using
C1 A5F 14 1 D7
C2 4E5F 18 1 D7
C3 A7A7 1 4 R4
C4 724EDB 5 6 D9
C5 3FFFFFF 12 6 D9
C6 1F6F 1 54 8 N2
Note: (1) The vectors x are written in hexadecimal, using 0 = 0000; : : : ; 9 = 1001, A = 1010; : : : ; F = 1111,
usually omitting leading zeros (so the vectors are right-justi9ed).
(2) The using codes can be found in [3]. We describe these codes below, by giving the rows of A (written
in hexadecimal), where G0 = (I; A) is the generator matrix. When A is circulant, only the 9rst row of A is
given. Since the code D9 in Table II of [3] is not self-dual, the code D9 in Table I is given in [6].
(D7) [40; 20; 8]:0B393
(R4) [42; 21; 8]:020D3D, 02854A, 039F91, 061D23, 06295C, 06DA9F, 076544, 086B07, 0A7377,
0DD96D, 0DF2FE, 0F505E, 125583, 139C17, 14AA29, 198EAA, 19D343, 1B6414, 1C7EB2,
1D3619, 1F12EB
(D9) [50; 25; 10]:63B088
(N2) [56; 28; 10]:7FFFFFF, 8ADF1FF,C56F8FF, E2B7C7F, F15BE3F, F8ADF1F, FC56F8F,
FE2B7C7, FF15BE3, FF8ADF1, FFC56F8, BFE2B7C, 9FF15BE, 8FF8ADF,C7FC56F,
E3FE2B7, F1FF15B, F8FF8AD, FC7FC56, BE3FE2B,DF1FF15, EF8FF8A,B7C7FC5,
DBE3FE2,ADF1FF1,D6F8FF8,AB7C7FC, 95BE3FE
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